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INTRODUCTION
Servohydraulic shaking tables are used to simulate earthquake-induced ground motion for the seismic testing of large structures. Such testing is a vital part of the development of earthquake resilient buildings and infrastructure (e.g. bridges and dams), and thus plays a part in safeguarding many thousands of lives.
However the control of shaking tables to accurately replicate the desired motion is a very significant challenge. This is due to both the high bandwidth requirements, and the desire for simultaneous multi-axis control with minimal cross-coupling. This paper presents, for the first time, a linear-parameter-varying modal controller which is shown in practice to achieve high bandwidth multi-axis control for a large six degree-of-freedom over-constrained shaking table.
Fig . 1 shows a typical arrangement for a 6 degree-of-freedom (DOF) multi-axis shaking table with a payload capacity of a few hundred kilograms. Such tables are used for a range of multi-axis vibration testing tasks, not only for earthquake simulation. Servohydraulic actuators provide high force and acceleration with relatively low mass and size. A parallel kinematic arrangement of servohydraulic actuators provides greater stiffness than a serial connection of actuators, and hence the potential for multi-axis motion with the highest achievable dynamic response. Larger tables are often preferred for earthquake testing of model buildings so that the scale factors are not so extreme; these can typically accommodate payloads of at least several tonnes. Fig. 2 shows an example at the IWHR research institute in Beijing, for which results are presented in this paper. The Japanese E-defense facility commissioned in 2006 is the world's largest shaking table can handle payloads up to 1200 tonnes -large enough for the testing of four-storey buildings at full scale [1] . In a very large table such as this high mass is moved by long-stroke actuators, giving low hydraulic resonant frequencies; the E-defense table with a 1200 tonne payload has resonant frequencies in the range 3Hz to 8Hz, yet the aspiration for earthquake simulation is for accurate control up to 15Hz, presenting a significant controller design challenge [1] . Alternatively, if a scale model of the test structure is used with a smaller table, this necessitates compressing the timescale of the earthquake signal and hence demands a higher bandwidth for the closed-loop system. The need to operate at frequencies beyond the hydraulic resonance is an unusual and difficult problem for hydraulic servo engineers, and compensation for this characteristic is essential [2] . The servo-valve response, particularly its phase lag, will also have a significant impact, and a high performance controller cannot be designed without accounting for it. Further, a high centre of gravity and large horizontal accelerations may be encountered, generating a large overturning moment which tends to cause the table to pitch. In many structural testing applications iterative control enables the best drive signals to learnt, but destructive seismic testing does not permit repeated trials, so the real-time control accuracy must be relied upon.
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In this paper, a practical motion control method is presented for shaker tables. Modal control is used -i.e.
the modes of vibration of the table are controlled individually, and this requires a parameter varying controller with on-line modal decomposition to account for the variation of actuator stiffness with operating point. Many shaker tables are over-constrained, i.e. have more actuators than degrees-of-freedom in order to spread the actuation loads, and thus internal force control is used to prevent actuators 'fighting' one another; in this work the measured forces are transformed to force control axes which formally complement the modal motion coordinates. A model-based feedforward scheme is also developed. The performance of the approach is demonstrated for the 6 DOF shaking table shown in Fig. 2 , both in simulation and experimentally.
A modal decoupling approach for shaking tables was first described in [3] . Simulation results were presented using a very simple (proportional plus lag) closed-loop compensator. A model-based controller was demonstrated for a 3-axis shaking table in simulation in [4] . Experimental research into multi-axis control of vibration tables is fairly sparse, although a number of uni-axial studies have been performed (e.g. [5, 6] ). An overview of shaking table control schemes is presented in [7] .
The published works on motion control of large multi-degree of freedom seismic testing tables which do exist have been mostly undertaken in Japan. This has been motivated by the Japanese government's investment in large-scale testing facilities following the Hanshin-Awaji earthquake at Kobe in 1995 [1] . -axis shaking table with 1.5m square table, 6 actuators, 0.5 tonne capacity.
Fig. 1 A 6 DOF multi
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(a) The arrangement of actuators.
(b) The shaking table laboratory, with mast test specimen on the table. Although iterative control is often used to obtain the required base accelerations, many tests involve the failure or partial failure of the specimen, and thus iteration cannot be used in these cases [2] . Hence improvements in closed-loop control have been sought.
Proportional-integral (PI) positional control, sometimes with acceleration or differential pressure feedback, has often been used for this application in the past. However, Three-Variable Control is now becoming common, increasing flexibility and providing command feedforward to improve the bandwidth [2, 8] . In current practice, tuning the controller depends on the expertise of the operator; however a model-based pole-placement tuning method is proposed in [9] , and an approach using an inverse-model is described in [10] .
Recently, attention has been given to model-based design of the command feedforward term. Philips et al [11] use acceleration feedforward to improve the tracking response of a Linear Quadratic Gaussian feedback controller. Nakata [12] has also proposed and experimentally verified the use of a model-based acceleration feedforward term, and similarly to the present paper delays the command to the feedback loop to improve synchronization of feedforward and feedback control action.
Adaptive control has been studied for shaking tables, which has the attractive potential of adapting to new specimens or changes within an existing specimen during testing. Trials with first order MCS (Minimal Control Synthesis) are described by Stoten and Gomez [13] for two shaking tables. First order MCS provides adaptive tuning of gains in a proportional or PI controller, and can be used alone, or (as for the results shown) in conjunction with an existing fixed gain controller. Tests include 1Hz or 2Hz sinusoidal commands, and earthquake signals with frequency content up to around 6Hz. Similarly, some improvement in tracking response is demonstrated using MCS compared to a detuned fixed controller in [14] , where both one and two-axis control of a 40 tonne table with a 41 tonne flexible specimen are described. The same MCS algorithm has also been used to adaptively tune a command signal filter to improve tracking response [15] . Another study by Shen et al [16] has used a combination of off-line and adaptive inverse modelling to control one axis of a shaking table. An adaptive command filter is shown to work well experimentally for a 2 DOF table in [17] ; this table has four actuators and so is overconstrained, and the benefit of using internal force control is demonstrated.
A novel approach to reducing the influence of the specimen on the table response is introduced in [18] .
Specimen force is measured and fed forward to cancel force disturbance on a position loop. The full derivation is contained in [19] , where a third-order lead term is used in the force feedforward signal as an 9 approximate inverse of the transfer function from valve drive to specimen force. Results are shown for a flexible 600kg specimen mounted on a small uni-axial shaking table, and the disturbance due to specimen resonance at either 3.8 Hz or 6.8Hz (depending on specimen configuration) is much reduced. A similar approach was patented in 1985 [20] , but there is no evidence that it was used successfully at this time.
Four European shaking tables are reviewed in [21] , with sizes between 3m and 5.6m square; the hydraulic resonances are mostly in the range 10 to 50Hz depending on axis and specimen. Real earthquake signals do not have significant frequency content above 8Hz [22] , but the frequency must be scaled up when reduced-scale model buildings are tested, and many such shaking tables are required to test up to 100Hz.
Thus the desire is to achieve acceptable motion tracking in a frequency range extending well beyond the hydraulic resonances.
This paper describes the derivation of a motion controller based on a physical model. Specifically, the final controller has the following key features which are found to be necessary to achieve excellent performance:
1. decomposition of multi-axis dynamic behavior into separate modes in real-time, based on mass matrix (fixed) and stiffness matrix (variable with piston position), and controlling modes explicitly, 2. a time-varying inverse second-order actuator model in the forward path (in modal co-ordinates), forming an 'augmented plant' in which the actuator dynamics are cancelled, 3. command velocity feedforward, and proportional feedback of a disturbance estimate (the difference between expected and actual motion), and the use of optimal motion estimation based on position and acceleration measurements, 4. force control for redundant actuators to keep internal loads small.
The time-varying multi-axis modal control and dynamic compensation described in points 1. and 2. are new methods, and the control structure of point 3. has not been applied to a multi-axis system before. The experimental demonstration of the combined approach applied to a substantial, commercial shaking table is a major original contribution. Section 2 covers modeling and controller design for a single servohydraulic axis, including a preliminary robustness investigation. Motion measurement issues are also discussed. Section 3 extends the controller to the multi-axis case, where a modal control approach is used. Compensation for non-linearities, and the case where the number of actuators exceeds the number of degrees-of-freedom, are both considered. Section 4 describes the example shaking table, including simulation and experimental results.
SINGLE AXIS MODELLING AND CONTROL
Modelling
Firstly, the model of a single servovalve-controlled actuator driving an inertial load will be considered (Fig.   3 ). As shown in the Appendix, a linear model of the position response of the actuator is given by
where
and where yi is the piston position, vi is the valve spool position, m is the mass driven by the actuator, c is the effective damping, k is the hydraulic and mechanical stiffness and h is the steady state gain of actuator velocity over spool position. Also shown in the Appendix is that this can be considered a linearisation of a non-linear differential equation in which gain h is a function of load force and accumulator pressure (equation A24), and the stiffness k is a function of piston displacement (equation A28). It is assumed that the hydraulic resonant frequency given by equation (2) is the same order of magnitude as the valve bandwidth, so the valve dynamics cannot be ignored. The response of the valve spool position to control signal ui can be approximated by this second order transfer function plus delay [22] : 
Controller design for augmented plant
A variety of methods can be used to design a controller for this type of system [2, 23] . In this work, the model-based controller shown in Fig. 5 The augmented plant is the plant with the actuator dynamics cancelled out, and so its dynamic characteristics are those of the valve. The motivation for this is that, unlike the actuator dynamics, the valve dynamics should be well damped and so the augmented plant is amenable to a simply-tuned proportional
controller. This is demonstrated in this Section, along with the method used for calculation the proportional gain. The detailed derivation of the augmented plant from the model of Section 2.1 is described in Section 2.3.
The augmented plant factor W(s) will be the second order lag plus delay of the valve. So from equation 
The following heuristic rule will be adopted to calculate the proportional gain:
where c ˆ is the estimate of a characteristic time c  given by
This rule stems from the fact that W(s) can be approximated by a deadtime of c at frequencies well below nv; controller design rules based on this type of model reduction are described in [20] . Each servovalve has its own closed loop controller, often with mechanical feedback, set up to achieve a desired spool dynamic response characteristic V(s). Typically damping  will be in the range 0.7 to 1.0. Overshoot is in the range 4% to 8%. Time (as multiple of c)
Time (as multiple of c)
From equation (5) it is clear that the closed loop tracking response is identical to the augmented plant factor
The effect of errors in the augmented plant model is shown in the tracking response to a step input in Fig. 8 . Fig. 8 The robustness of the tracking response ( = c/2, =0.7).
Augmented plant
The augmented plant includes a compensator to cancel the second order lag in the actuator dynamics given in equation (1). The plant is (9) and so including the inverse actuator model
gives the augmented plant (14) and
As indicated in equation (14), a variable stiffness is used in the inverse actuator model, the value being dependent on the piston position according to equation (A28). In addition, a variable gain value is used in equation (13), estimated in line with equation (A24). However in the latter equation, the current actuator force fh is required, along with the current spool position vi. As there is a lag in applying the gain correction to the actuator due to the valve response characteristic, a prediction of future values of these variables is appropriate. The actuator force will be predicted using the product of command acceleration and mass, and i u   will be used as a prediction of vi. The accumulator pressure pacc is also required (expressed as a ratio rs, equation (A22)), and it is assumed that this is measured. Hence,
To illustrate the robustness of the controller in relation to errors in the inverse actuator model, consider the case where there are only modelling errors in ) ( 1 s A . Figures 11 and 12 illustrate the effect on the closed loop step response of errors in the first and second coefficients in equation (14) . A larger (50%) error in damping coefficient estimate ĉ is shown as this is likely to be harder to estimate, and in reality will vary.
These results are for a valve V(s) which has  = c/2 and =0.7, and an actuator A(s) with a damping ratio of 0.2 and a natural frequency 10% of the valve natural frequency nv . These actuator parameters are similar to those for the experimental system described later in the paper.
Position measurement
The objective is to control the motion of the table; in fact, although position yi is shown as the controlled variable, it is the acceleration i y  which is of most concern for this type of vibration test equipment.
Typically, the only position measurement available is from a sensor attached to the hydraulic cylinder, providing a measurement of relative piston-to-cylinder position (zi in Fig. 3 ).
As implied by equation (10), there is a requirement for generating first and second derivatives from the position signal, and thus the measurement noise must reduce with increasing frequency. It is assumed that there is no direct measurement of table position (only relative piston-to-cylinder position zi), however it is straightforward to measure acceleration i y  using a table-mounted accelerometer. Position zi is a reasonable estimate of table position at low frequency when the inertial forces are small, but not so at higher frequencies due to compliance in the cylinder mounting and the pushrod and joints forming the table connection. Acceleration and position measurements are combined to estimate table position thus:
where m y  and zm are measurements of table acceleration and relative piston-to-cylinder displacement. The form of the low pass filter G(s) is important to ensure the accuracy of the resulting estimate, and it is designed according to [25] . Shaker tables have a fairly small range of motion, so that the geometry-related non-linearities do not have a significant influence on the dynamic properties, and will be neglected. For an N actuator table (N  6), column vectors y, v and u will be used to represent all actuator displacements, valve spool displacements, and control signals respectively, with sequential elements yi, vi and ui respectively for individual actuators, where i = 1 to N. Six element column vector yc will be used to indicate table position defined in Cartesian co-ordinates, and a matrix Q introduced as the linear algebraic transformation from Cartesian to actuator space (i.e. yc to y). The same transformation defines the the relationship between other quantities expressed in Cartesian space, denoted with subscript c, and actuator space, e.g. between uc and u. A modal decomposition will also be introduced, and subscript m will be used to indicate vectors defined in modal space, thus ym is the six element column vector of modal displacements, and um is the modal control signal vector of the same dimensions. A matrix P will be introduced giving the linear transformation from modal to cartesian space, and matrix R transforms from modal to actuator space.
First, reconsider equations (1) and (2) . Defining xi to be the 'no load' actuator position,
The damping term, which originates from hydraulic leakage (see Appendix) is expected to be small [2] . So neglecting this term,
For a 6 DOF and three orthogonal rotary axes (roll , pitch  and yaw  Euler angles) of a table-fixed frame {C} relative to a world frame (see Fig. 12 ). The calculation of M and K are described in section 3. 
where yc is the vector of 6 table Cartesian displacements (linear and angular) of frame {C}, i.e.
 
and xc is the equivalent vector of 6 no load displacements, defined as the table displacement yc which would occur if the actuators were insensitive to force and thus dictated only be the valve spool positions.
Fig. 12 Table co-ordinate frame definitions.
World co-ordinate frame {W}. Fixed to ground. K is diagonal, which in general is not the case.
However transforming the displacements into some other co-ordinate system provides an opportunity to K, and the eigenvectors are linearly independent so that P is non-singular, then this diagonalization is achieved, and
where: K. The modal decomposition described by equation (26) will always be possible, and efficient methods for calculating P exist; see [26] for details.
Define an Nx6 matrix Q which transforms the frame {C} table displacements into individual actuator displacements:
where y is the vector of N actuator displacements yi. Thus referring to equation ( 
Completing the system model, the valve dynamics and velocity gain (h) are assumed to be the same for each actuator. So
where u is the vector of valve drive signals, v is the vector of spool positions, and V(s) is the scalar transfer function of equation (3) representing valve dynamics. Note that scaling factors and matching filters can be applied to the ultimate control signal to correct the velocity gain and valve dynamics for each actuator if they do differ. Combining equations (31) and (18) gives
and 
From equations (25), (26) 
Note that a damping term bi has been re-introduced: as damping is small it can be approximated by decoupled terms. The complete multi-axis controller is shown in Fig. 13 , in which (s) Â is an estimate of the multi-variable inverse actuator characteristic A(s) given by
where B is the diagonal damping matrix containing elements bi. With N = 6, R is a square matrix, and so its inverse can be used for the actuator to modal position conversion in the feedback path. The case for over-constrained systems (N > 6) is presented in Section 3.4.
23 Fig. 13 The multi-axis decoupling controller (N = 6).
Mass and stiffness matrices
The linearised equation of motion for the combined table and payload is 
where mt is the table plus payload mass, I3 is the 3x3 identity matrix, and It is the 3x3 matrix of moments and products of inertia. This needs to be transformed to frame {C}, and also the mass contributions from moving actuators and/or pushrods need to be added, giving
where Mc is the transformed table/payload mass matrix, the Jacobian matrices Ji relate actuator body velocities to table velocities, and Mai are the actuator mass matrices. Derivation of mass matrices is discussed in [28] . The hydraulic stiffnesses referred to frame {C} are given by
where ki is the individual stiffness for each actuator.
Non-linear control
The controller compensates for some non-linear characteristics of the plant. In reality, the actuator stiffness The variable gain in equation (16) can also be incorporated into the multi-variable controller. However the variable compensation is required on each individual valve control signal, ui, rather than the modal control signals in vector um. Thus the gain is constant in the inverse actuator model:
but before each control signal is output ui is scaled by
where each actuator hydraulic force i h fˆis predicted from the product of the mass matrix and Cartesian command acceleration vector, subsequently transformed into actuator space. Individual valve control signals can also be scaled and filtered to correct for any differences in velocity gain and valve response.
The type of system under consideration has relatively small actuator strokes compared to the overall rig dimensions, and so the error in using a linear geometric transformation is small. However for maximum positional accuracy, precise non-linear inverse and forward kinematic calculations are used in the results which follow, rather than the linear transformation Q (which is a component of the transformation R, equation (30)) 
Force controlled axes
In the case where there are more actuators than degrees of freedom, i.e. N > 6, matrix R is non-square.
Using the pseudo-inverse of R to calculate the modal displacements is a good choice as it gives the ym which corresponds to an average of the measured actuator displacements (in a least squares sense):
The system is now overconstrained, and a number of additional force control loops are required, equal to the number of additional actuators, to ensure that internal structural loads are small. As shown in 
The dimensions for this table, defined in Fig. 2(a) , are Lv = 1.75m, Lh = 2.8m. From equation (45), a valid choice is
which defines the deformation force axis. There is only one deformation axis as there is one degree of over-constraint. This force can be physically interpreted as twisting the table. 
The frame {C} origin is at the 'centre of stiffness' in this case, i.e. at a point where there is no cross-axis stiffness interaction. So the stiffness matrix K determined from equation (41) 
The decoupling matrix R can be derived as in equation (30) 
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Simulation Results
Simulation results have been obtained using a detailed and well validated non-linear model of the system including valves, actuators and table [29] . Swept-sine horizontal acceleration responses have been acquired from which frequency responses are calculated. Note that acceleration commands are converted to position commands so that the position controller described in this paper can be used. Two aspects of the response are investigated:
1. the tracking response: X-direction command acceleration to achieved acceleration 2. the overturning sensitivity: X-direction command acceleration to pitch () angular acceleration.
From Fig. 15 it can be seen that the bandwidth (-3dB point) is over 100Hz, and the worst case overturning sensitivity is -12dB (which is 0.25 rad/m). The gain used here is kp = 80 (in fact the same gain is used for all modal motion control axes). (Fig. 16 ) exhibits a tracking resonant peak and maximum overturning sensitivity at about 15Hz, which is the first modal frequency; from equation (50) it can be seen that this mode is dominated by X-direction motion. This resonant peak is eradicated by the model-based controller (Fig. 15) , and the maximum overturning sensitivity is now at about 30Hz, which is the fifth modal frequency; this mode is dominated by pitch rotation. In the equivalent experimental results (Fig. 20) , the proportional controller exhibits a resonant peak at a similar frequency (the first modal frequency) in the tracking response, but the peak overturning sensitivity is now at the fifth modal frequency. This difference results from errors in the modelling of coupling between the axes. 
Model-based control
Proportional control
CONCLUSIONS AND DISCUSSION
A decoupling modal control approach has been described which could be applied to a range of multi-axis servohydraulic mechanisms with simple inertial loads. The model-based controller incorporates:
 command velocity feedforward, and proportional feedback of a disturbance estimate, In practice, integral action may need to be added to the controller. Although this is not required when considering the table acceleration, for set-up and centering purposes accurate position control is still required. Due to steady effects such as valve null errors or inexact weight compensation, steady state position errors will inevitably result if integral action is not used, as evidenced by the final position error seen in Fig. 18 .
Model-based controllers must be insensitive to modeling errors. Some preliminary robustness results are included in the paper, showing the effect of parametric errors in the augmented plant, and parametric errors in the inverse actuator model. The closed loop behavior is shown to be reasonably tolerant to parameter variation of 20%. A more comprehensive robustness study is the subject of further work.
The complete controller is very complex compared to a proportional controller. Nevertheless, the controller is easily determined from plant model parameters. Many of these parameters can be found from known 37 physical data (e.g. piston areas, kinematics, some inertial data, hydraulic pressures etc.). Other parameters are best found empirically (e.g. valve transfer functions, mechanical stiffness). Detailed information about estimating model parameters can be found in [29] . A powerful real-time computer platform is required to implement the controller, but the cost of this is now very small compared to the complete system. A sample rate of 2.5kHz was used in this case.
The displacement range of this type of vibration or seismic testing table is often quite small, and so the geometric non-linearities would not normally be significant. For servohydraulic motion systems with a larger displacement range, such is flight simulator motion systems, the geometric linearization used here may not be applicable. However, the calculation speed of modern real-time computer systems is such that it would be feasible to calculate the decoupling matrix entirely on-line, and to use a linearized controller appropriate to the current local operating point. Since the current controller already re-calculates the decoupling matrix to account for varying stiffness, and uses accurate non-linear kinematic transformations to improve static accuracy, the additional computational overhead is not so great.
The objectives of achieving a high bandwidth and a high 'pitching stiffness' (insensitivity to inertial overturning moment) have been achieved, but only based on the assumption of the table and payload behave as a rigid body. In the case where the specimen has structural resonances within the test frequency range, the controller should still be applicable if the specimen mass is small compared to that of the table.
However, for larger specimen masses, an alternative modal controller formulation would be required where the specimen flexibility is taken into account. Such a control strategy would be less convenient due to the detailed a priori specimen knowledge required.
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